Available online at http://scik.org

J. Math. Comput. Sci. 11 (2021), No. 5, 6557-6567
https://doi.org/10.28919/jmcs/6030

ISSN: 1927-5307

LOCATION OF ZEROS OF POLYNOMIALS WITH COMPLEX COEFFICIENTS

C. GANGADHAR!, P. RAMULU?%*, G.L. REDDY?

1Department of Mathematics, National Institute of Technology, Andhra Pradesh, India
2Depatrtment of Mathematics, M.V.S. Govt. Arts and Science College(Autonomous), Mahabubnagar, Telangana,

India 509001

3Department of Mathematics and Statistics, University of Hyderabad, India 500046

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper we extended Enestrom-Kakeya theorem (Let P(z) = Y a;z' be a polynomial of degree n
such that 0<ag < a; < ... < a, then all the zeros of P(z) lie in |z| < 1) and our results [1] by relaxing the hypothesis
in different ways by considering complex coefficients we get various other results which in term generalizes.
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1. INTRODUCTION

Location of zeros of a polynomial is a long standing classical problem [1,3-5,8,10-11]. It
is an interesting area of research for engineers as well as mathematicians and many results on
the same topic are available in literature. Some results on the location of zeros of polynomial
propced by taking real coefficients. Existing results in the literature also show that there is a

need to find bounds for special polynomials, for example, for those having restrictions on the
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coefficient,there is always need for refinement of results in this subject. The well known result

in theory of the distribution of zeros of polynomials is the following.

2. PRELIMINARIES

Theorem 2.1. [2, 7] : Let P(z) = Y'ya;z' be a polynomial of degree n such that 0<ay < a; <

. < ap—1 < ay. Then all the zeros of P(z) lie in |z| < 1.

AJoyal, G.Labelle and Q. I. Rahman [6] obtained the following generalization, by consider-

ing the coefficients to be real, instead of being only positive.

Theorem 2.2. Ler P(z) =Y, a;7' be a polynomial of degree n such that ag < a) < ... < a,_1 <

ay. Then all the zeros of P(z) lie in |z| < ﬁ{an —ap+ |ag|}-

Theorem 2.3. Let P(z) = Y., a;z' be a polynomial of degree n with real coefficients such that
ay<a;r < ...<au1 <aym 2 apy) = ... 2 aAp] = Q.

Then all the zeros of P(z) lie in

1
n

Theorem 2.4. [9] : Let P(z) = Y7y aiz' be a polynomial of degree n with real coefficients such
that

ap>ap 2 ... 2 ay—1 2 ay <y < ..o < ap- < ay.

Then all the zeros of P(z) lie in

1
2 < — [lao| +ao + an — 2am).

|an|

In this paper We want to prove the following results.

3. MAIN RESULTS

Theorem 3.1. Let P(z) = Y7, 0;z' be a polynomial of degree n with Re(0;) = a; and Im(o;) =
bifori=0,1,2,...,n such that for some k> 1,1>1,0<r<1,0<s<1,6>0,1n>0, a, #

0, by # 0,

ay—0<a; <..<apy_1<kan>ay1>..>a,1>ra, and
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bo—Mm<by <..<by1<Ilbn>bui1>..2by 1> sby.

Then all the zeros of P(z) lie in

o] < (lan| +1bnl) + k(am + |am|) + 1(bm + |bm|) + |ao| + bo| +2(k — 1)|an|

| Ot

+2(1 = 1)|bw| — [ao + bo + r(an + |an|) + s(bp + |ba])] +28 +27 | .

Corollary 3.1.1. Let P(z) = Y ,0uz' be a polynomial of degree n with Re(o;) =
ajand Im(o;) = b;fori=0,1,2,....n such that for somek>1,0<r<1, § >0, a,, #0, b,, #0,

ap—0 <a1 < ... <am <kay > apy1 > ... > ay—1 > ra, and
bo—6<b) <..<by_1 <kby> bni1 > ... > by > 1by.
Then all the zeros of P(z) lie in

|z| <

] (lan| +1bnl) + k(am + bm + |am| 4 |bm|) +- |ao| + [bo
n

—|—2(k—1)(|am|+|bm|)— [ao+b0+r(an+bn+|an|+|bn|)] +46|.

Corollary 3.1.2. Let P(z) = Y' 0z be a polynomial of degree n with Re(o;) =
a; and Im(0;) = b; for i =0,1,2,...,n such that

ag<a1<..<ap1<an>apy1 > ...> a1 > a, and

bo<b1 <..<by 1<by>by12>..2b,12>by.

Then all the zeros of P(z) lie in

’Z| < \a0| + |b0’ +am+bm + |am| + |bm| - [aO+b0 +an+bn] .

[

Corollary 3.1.3. Let P(z) = Y 0z be a polynomial of degree n with Re(o;) =
a;> 0and Im(a;) =b;> 0 fori=0,1,2,...,n such that for some k> 1,1 > 1, 0< r <1, 0< s <

1,6>0,n>0,
ay—0<a; <..<ay_1<kan>ay1>..>a,_1>ra, and

bo—M<by <..<by1<Ilbny>byi1>..2by 1> sby.
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Then all the zeros of P(z) lie in

|| < (2r+1)a,+ 21+ 1)b, + (4k — 1)ap, + (4s— )by, +28 + 21| .

[

Corollary 3.14. Let P(z) = Y' 0z be a polynomial of degree n with Re(o;) =
a; and Im(oy) = b; for i = 0,1,2,...,n such that for some k> 1, 1 > 1, 0< r <1, 0< 5 <

1,8>0,1>0, am£0, by #0,
ap—0 <a1 < ... <am1 <kay > apy1 > ... > a1 > ra, and

bo—N<b1 <...<by1<bp<by1<..<b1 <lIby.

Then all the zeros of P(z) lie in
1
| < A |@n| +1(bn + |bn|) + k(am + [am|) + |ao| + [bo]

+2(k—1)|am| — [ao + bo + r(an +|aa|)] +28 +2n|.

Remark 3.1.1. By taking k =1, r = 1 and 6 = 0 and b; = 0 in Theorem 3.1, it reduces to
Theorem 2.3.

Remark 3.1.2. By raking l =k, s =r and 6 =1 in Theorem 3.1, it reduces to Corollary 3.1.1.

Remark 3.1.3. By taking l =k =1, s=r =1 and 6 = 1 = Oin Theorem 3.1, it reduces to
Corollary 3.1.2.

Remark 3.1.4. By taking a;> 0 and b;> 0 in Theorem 3.1, it reduces to Corollary 3.1.3.
Remark 3.1.5. By takingl =1, s =1 and 11 =0 in Theorem 3.1, it reduces to Corollary 3.1.4.

Theorem 3.2. Let P(z) = Y*, 0;z' be a polynomial of degree n with Re(0;) = a; and Im(0;) =
bifori=0,1,2,...,n such that for some k> 1,1 >1,0<r<1,0<s<1,6>0,1n>0, a, #

0, b, #0,
ap+0>a1> ... > am_1 > ram < ap1 < ... < ap—1 < ka, and

bo—i—ﬂ >by>...>2by 1> 5by < bm+l < .. <by1 <Iby.
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Then all the zeros of P(z) lie in

7| <

= o k(an+|an|)+l(bn+|bn|)+|a0|+|b0|+a0+50+2(1_”)|am|
n

+2(1 = 5)|bm| — [(Jan| + |bal) + 2ram + 2sby] +26 +21| .

Corollary 3.2.1. Let P(z) = Y' 0z be a polynomial of degree n with Re(o;) =
a; and Im(e;) = b; for i = 0,1,2,...,n such that for some k > 1, 0< r <1, 6 >0, an, #

0, by # 0,
ap+0>a1> .2 ap1 21y < apy1 < ... < ap—1 < ka, and

bo+06>b1>...>2by_1 21by by < ... <by_1 < kby.

Then all the zeros of P(z) lie in

ol < k(an + by +|an| + bal) +-|ao| + [bo] + a0 + bo

|0t

+2(1 =7)[|am|[bm|] — [(|an|+ |bﬂ|)+2r(am+bm)} +49].

Corollary 3.2.2. Let P(z) = Y' 0z be a polynomial of degree n with Re(a;) =
a; and Im(o;) = b; for i =0,1,2,...,n such that

ap> a1 > .2 au-12an<ap1 <...<ap1<a, and

bo>by > ...>byp1 > by < bm—H < .. <by1 < by

Then all the zeros of P(z) lie in

|z < (@n +bn) = 2]am =+ bm] +|ao| + |bo| +ao +bo | -

|t

Corollary 3.2.3. Let P(z) = Y 0z be a polynomial of degree n with Re(o;) =
a;> 0, and Im(a;) = b;> 0, fori=0,1,2,....n such that for some k> 1, 1 > 1, 0< r <

1,0<s<1,8>0,10>0, am#0, bw#0,
a0+52a1 > 2 Ay Zramgam—i-l <.o<ap <ka, and

bo—i—ﬂ >by>...>2by 1> 5by < bm+1 < .. <by1 <Iby.
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Then all the zeros of P(z) lie in
1
|lz| < ——|2[kan +Ibyao+bo] +2(1 — 2r)am, +2(1 —25)by, — (an +by) +28 +21 | .

|0t

Corollary 3.24. Let P(z) = Y' 0z be a polynomial of degree n with Re(o;) =

a; and Im(0;) = b, fori=0,1,2,...,n such that for somek>1,0<r<1,6>0,1>0, a, #0,
ayg+06>a1>...>an 1 >rayg<api1 <..<a, | <ka, and
bo>b1>...2by12>by <bpy1 <...<by_1 < by

Then all the zeros of P(z) lie in

|z] <

) k(an+\an])+bn+ya0|+\boy+a0+b0+2(1—r)|amy—[|an\+2ram+2bm]+28 )
n

Remark 3.2.1. By taking k =1, r = 1 and 6 = 0 and b; = 0 in Theorem 3.2, it reduces to
Theorem 2.4.

Remark 3.2.2. By taking I =k, s =r and 6 =1 in Theorem 3.2, it reduces to Corollary 3.2.1.

Remark 3.2.3. By taking l = k=1, s=r=1and 6 =n =0 in Theorem 3.2, it reduces to
Corollary 3.2.2.

Remark 3.2.4. By taking a;> 0 and b;> 0 in Theorem 3.2, it reduces to Corollary 3.2.3.
Remark 3.2.5. By takingl =1, s =1 and 11 =0 in Theorem 3.2, it reduces to Corollary 3.2.4.

By rearranig coefficients in above Thorems 3.1 and Thorems 3.2 we get the follwoing Thorem

3.3 and Thorem 3.4.

Theorem 3.3. Let P(z) = Y7, iz’ be a polynomial of degree n with Re(0;) = a; and Im(o;) =
bifori=0,1,2,...,n such that for some k> 1,1>1,0<r<1,0<s<1,6>0,1n>0, a, #

0, by #0,
ay—0<a;<..<ap_1<kan>ay1>..>a,1>ra, and

bn < bnfl <...< bl < bO-
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Then all the zeros of P(z) lie in

1

Theorem 3.4. Let P(z) = Y., 0z’ be a polynomial of degree n with Re( o) = a; and Im(0;) =

bifori=0,1,2,....n such that for some k > 1, 0<r<1,0>0,1n>0, a, #0,
ap+6>a1> ... >ap_1 >ray <app < ... <ap_1 <ka, and

bo<b; <...<by1<bp<bpy1 <..<b,_1 <b,.

Then all the zeros of P(z) lie in

7] <

] k(an+ |an|) + by + |ao| + |bo| + ao + 2(1 — r)|am| — [|an| + 2ram + bo] + 20 | .
n

4. PROOF OF THE THEOREMS

Proof of Theorem 3.1.
Let P(z) = a,7" + O 12" 4 o O 1 2" 02"+ O 1 2 4.+ a1z 4 0 be a poly-

nomial of degree n. Then consider the polynomial
0(z) =(1-2)P(2)
= — 0" (O — Oy 1) A e (Ot — Q) 2" (G — O 1)Z" A+ (001 — )z + Ot
=— 0,7+ (A — 1)+ e+ (At — @) 2"+ (A — A1)+ o+ (@1 — a0)z+ a0+
+i{(by— by1)Z" + . (bt — bw) 2"+ (b — byu—1)2" + ...+ (b1 —bo)z+ bo }.

Also if |z|>1 then

| ‘n_i<1 fori=0,1,2,...n—1. Now
Z

|0(2)] Z’O‘nHZ‘nH - {(|an —ap1||z]" o A |am _amHZ|m+l +am — am—1|[z]" + ... +|ar — aol|z] —|—a0)

+ (1w = bl |2l + -+ 1 = bl 2"+ [ — b1 [2]™ 4.+ [b1 = bo|2] +bo)}

|anfl _an72‘ |am+1 _am|
> |an|lz]" | z| — — % (lap —ap_1| + ———T= + ..+ T
L e (O T
’am _am—1| ‘al _a()’ |a0|
—_— 4 ...+
FGG )
b — _bn— b _bz
+(\bn—bn71|+7’ nt —bual | [t —bn] ’”*nl_m_l”’
2| 2|
’bm_bm—1| ‘bl_bO, ‘bo‘ }:|
ot
EGG )
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zlanHZ\"{!Z\— {(ymn—an_l—mn+an\+|an_1—an_zr+.--+!am+1—kam+kam—am!

|an|

+ |am — kay +kay — apm—1|+ ...+ a1 + 6 —ap — 8| + |ao|) + (]sbn—bn_l —sby + by

+ |by—1 —bu—az|+ ...+ |bis1 — by + 1byy — by| 4 | by — 1oy + 1y — byy—1 |
—|—...-|—‘b1 +n —b()—n|+ |b0|)}}

> a1l o] (1= ra) (1Dl 4 @2 ) 4 =)

||
+ (k—1D|am| + (kam —am—1) + (k—1)|am| + ..+ (a1 + 6 —ap) + 6 + ]aoﬂ

+ [(bn1 = sbn) + (1 = ) |ba| + (Bu—2 — byu—1) + ... &+ (Iby — byps1) + (1 — 1) | by

+(lbm—bm1)+(l—1)|bm|+--+(b1+77—b0)+77+|b0|]}]

= |an|[z[" {IZI - {(Ianl +[bal) + kam + |am|) +1(bm + [bm|) + |ao| + [bo| +2(k = 1) |an]

| Ot |

+2(1 = 1)|bw| — [ao + bo + r(an+ |an|) + s(by + |bnl)] +25+2nH >0

. 1
if |Z|>|OC | {(|an|+|bn|)+k<am+|am|)+l(bm+’bm|)+|a0|+|b0|+2(k_ 1)’am|
n

+2(1 = 1)|by| — [ao + bo + r(an+ |an|) + s(by + |bnl)] +26+2n}.
T his shows that if |z|> 1, Q(z)>0

. 1
provided |2 >~ [(|an| 4 |Bal) k(a4 lam]) -+ 1 (B + |B]) + lao| + bo| +2(k — 1)|am]
n

+2(1 = 1)|bw| — [ao + bo + r(an+ |an|) + s(bu + |Bnl)] +26+2n} :

Hence all the zeros of Q(z) with |z|>1 lie in

1
|z] <

] (lan| +1bnl) + k(am + |am|) + L(bm + [bm|) + ao] + |bo| +2(k — 1) |am|
n

+2(1 = 1)|bw| — [ao + bo + r(an + |an|) + s(bn + |ba])] +28 +27 | .
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But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the above
inequality. Since all the zeros of P(z) are also the zeros of Q(z) lie in the circle defined by the

above inequality and this completes the proof of the Theorem 3.1.

Proof of Theorem 3.2.

Let P(2) = 02" + 0y 12" 4 oo+ W 127 002"+ Q1 27 L+ 012+ @ be a poly-

nomial of degree n. Then consider the polynomial

0(z) =(1 —2)P(2)
=— " (O — O 1)+ oo (Ot — )"+ (O — O 1) 2" 4.+ (01 — )z + Ol
=— OCnZ"Jr1 +(an—an—1)7"+ ... + (am+1 —Clm)ZWrl + (am — am—1)7"+ ...+ (a1 —ao)z+ ap+

+i{(by = bu1)Z" + o4 (bt — b)) 2" 4 (b — by—1)Z" + ...+ (b1 — bo)z+ by }.

Also if |z|>1 then <1 fori=0,1,2,....n—1. Now

|Z|n7i
|0(2)] Z’O‘nHZ‘nH - {(|an —an1||z]" + . A |am _amHZ|mJrl +lam — am—1|[z]" + ... +|ar — aol|z] +00)

+ (1w = bl |2l + - 1 = bl 2"+ [ — b1 [2]™ 4.+ [b1 — Do |2] +bo)}

|an71 _an72‘ |am+l _am|
> ay||z|" ||z] — ap—ap ||+ —————+ .. ——
o= g { a4 22 EEE
’am_am—1| ‘al _a()’ ‘ao‘
Bm Ol y 4800
‘Z’n—m ‘Z’n—l ’Z|n)
b,_1—b,_ b —b
+(\bn—bn71|+7’ nt—bual ) Jbwet ~ bul ’”*nl_m_{"’
kd kd
’bm_bm—1| ‘bl _b()’ ‘bo‘
S L R 2 . L
e )
1
> |ayl|z|" [|z| T ’{(|kan—an1 —kay +a| +|an—1 — an_a| + ...+ |@mi1 — ram + ray — ay|
n

+|am —ram +ram — am—1|+ ...+ |lay —5—a0+5]+|a0|) + (\lbn—bn,l —1by + by|

+ |bu—1 —bn2|+ ...+ |bmi1 — by + by — by | + |byy — Ibyy + $byy — byy—1 |

+...+\b1—n—bo+n|+]b0])H
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1
> |an||Z|n |:|Z| - { [(kan _anfl) + (k— 1)‘an‘ + (anfl _aan) +...+ (am+l - l"dm)

|t

+ (1 =r)|am| + (am—1 — ram) + (1 = r)|am| + ..+ (a0 — a1 + &) + & + |ao|]
+ [(lbn _bnfl) + (l_ 1)|bn| + (bnfl _bn72) +...+ (berl _Sbm) + (1 —S)|bm|

o1 =sb) (1=l - (b0 ) + o]}

1
= |a,||z|" [Iz\ — —’a ’ {k(an—i- lan|) +1(by + |bul) + |ao| + |bo| + ao + bo +2(1 — 1) |am|
n

+2(1 = 5)|bw| = [(|an| + |bnl) + 2ram + 2sby] +25+2n}] >0

1
if |z\>7 [k(an—i- lan|) + L(bn + |bn|) + |ao| + |bo| + ao +bo +2(1 —r)|am|

||

+2(1 =) |bi| = [(|an| + |Bn]) + 2ram + 25by) +25+2n] :

This shows that if |z|> 1, Q(z)>0

1
provided |z| >

] [k(an%—|an|)+l(bn+|bn|)+|ao|+ |bo| +ao+bo+2(1 —r)|am|
n

+2(1=5)|bw| = [(|an| + |bnl) + 2ram + 2sby,] +25+2n] :

Hence all the zeros of Q(z) with |z|>1 lie in

7] <

< To] k(an + |an]) +1(bn+ [bal) +lao| + [bo| + a0 + bo +2(1 = ) |am|
n

+2(1 = 5)|bm| = [(Jan| + [bal) + 2ram + 2sby] +26 +21| .

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the above
inequality. Since all the zeros of P(z) are also the zeros of Q(z) lie in the circle defined by the
above inequality and this completes the proof of the Theorem 3.2.

Proof of Theorem 3.3.
Proof of Theorem 3.3 is similar to the proof of Theorem 3.1 and Theorem 3.2.
Proof of Theorem 3.4.

Proof of Theorem 3.4 is similar to the proof of Theorem 3.1 and Theorem 3.2.
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